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Light quark pseudoscalar densities and anomaly matrix elements for η and η′ mesons
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Matrix elements of flavor-diagonal light quark pseudoscalar densities and axial anomaly operators
between vacuum and η and η′ meson states have been determined. This has been done by evaluating
current-current correlators of octet-octet and octet-singlet axial currents using QCD sum rules. The
numerical values obtained for the matrix elements compare well with those obtained in the current
literature.
PACS numbers: 11.15.Tk, 12.38.Lg, 11.40.Ex, 14.40.Be
I. INTRODUCTION
Matrix elements of pseudoscalar density operators be-
tween vacuum and η and η′ mesons are useful in study
of processes involving production and decay of these
mesons. In particular, they play an important role in
semi-leptonic and nonleptonic B meson decays involving
η and η′ mesons [1-8]. These as well as the anomaly
matrix elements are useful in discussion of pseudoscalar
glueballs [9]. The latter have also been used in study
of gluonic components of η- η′ mesons [10]. These ma-
trix elements also appear in the discussion of two-parton
light-cone distribution functions of these mesons where
there is no direct relation between coupling constants of
twist-three operators with those of twist -two operators
for η and η′ mesons [11]. In this work we will determine
the matrix elements
〈0|mq q¯iγ5q|η, η′〉, q = u, d, s (1)
and
〈0|αs
4pi
GaµνG˜
aµν |η, η′〉 (2)
using QCD sum rule. For this, we first consider the cor-
relators of two axial vector currents
Πabµν = i
∫
d4x eiqx〈0|T {Jaµ5(x), Jbν5(0)}|0〉; (a, b = 8, 0)
(3)
where
J8µ5 =
1√
6
(uγµγ5u+ dγµγ5d− 2sγµγ5s)
J0µ5 =
1√
3
(uγµγ5u+ dγµγ5d+ sγµγ5s) (4)
We had earlier considered the correlators (3) in Ref.
[12] and determined the decay constants of η and η′
mesons for the above octet and singlet currents defined
by
〈0|Jaµ5|P (p)〉 = ifaP pµ; P = η, η′ (5)
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in the limit mu = md = 0. In this work, we determine
their values keeping all the quark masses to be nonzero.
In the current literature the decay constants faP are pa-
rameterized as(
f8η f
0
η
f8η′ f
0
η′
)
=
(
f8 cos θ8 −f0 sin θ0
f8 sin θ8 f0 cos θ0
)
(6)
On forming the divergences of polarization tensor
Πabµν(q) with the momentum, we get
qµΠabµν(q)q
ν = −P abL (q2)q2 (7)
where P abL (q
2) is free from kinematic singularities. The
divergences of currents are given as
∂µJ8µ5 =
2i√
6
(muuγ5u+mddγ5d− 2mssγ5s)
∂µJ0µ5 =
2i√
3
(muuγ5u+mddγ5d+mssγ5s)
−
√
3αs
4pi
GaµνG˜
aµν
(8)
where we have defined dual field strength tensor as
G˜aµν =
1
2
εµνρσGaρσ , ε
0123 = +1 (9)
We will assume isospin symmetry in the quark matrix
elements:
〈0|muuiγ5u|η〉 = 〈0|mddiγ5d|η〉 ≡ mqAq (10)
〈0|muuiγ5u|η′〉 = 〈0|mddiγ5d|η′〉 ≡ mqA′q (11)
and call
〈0|mssiγ5s|η〉 ≡ msAs (12)
〈0|mssiγ5s|η′〉 ≡ msA′s (13)
while the anomaly matrix elements will be denoted as
〈0|αs
4pi
GaµνG˜
aµν |η〉 ≡ AG (14)
〈0|αs
4pi
GaµνG˜
aµν |η′〉 ≡ A′G (15)
2In Eqs. (10) and (11), mq is the average of u- and d-
quark masses. The strange-quark matrix elements As
and A′s will be determined in the limit mq=0. For this,
we require the values of meson masses mη and mη′ also
in the same limit. From the diagonalization of mη −mη′
mass matrix [13], one obtains values for η and η′ masses:
m2η′,η = (m
2
K+m˜
2
η0/2)±
1
2
√
(2m2K − 2m2pi −
1
3
m˜2η0)
2 +
8
9
m˜4η0
(16)
Here m˜2η0 is the gluonic mass term having a rigorous in-
terpretation through the Witten-Veneziano mass formula
[14,15]. On taking the value m˜2η0=0.73 GeV
2, Eq. (16)
agrees with the physical masses within 10% range. The
dependence of mK and mpi on light quark masses are
well known [16]. From this, we find that mη decreases
by 2.2% while mη′ decreases by 0.65% on setting mq =0.
Using this result for the experimental masses mη=0.547
GeV and mη′=0.958 GeV, we find that the values of η
and η′ masses are
m˜η = 0.535 GeV, m˜η′ = 0.952 GeV (17)
in a world where mq=0. We will assume η and η
′ to
be made up of only light quarks with no mixing with
cc¯ system or any glueball state. Among half a dozen
functions considered in Ref.[12], we will consider here
sum rules only for P 88L and P
08
L . Sum rules for these
functions were independent of any instanton contribu-
tion and the quality of the fit of the phenomenological
side with the OPE side was best obtained for these
functions. In addition to this, these sum rules give us
sufficient information for our purpose.
To use the method of QCD sum rule for this purpose,
as is well known, one calculates P abL using OPE on the
one hand and it is evaluated phenomenologically using
dispersion integral on the other hand. Borel transform
of the two sides are matched over an appropriately chosen
Borel window. After Borel transform, phenomenological
side is dominated by the ground state contribution while
the resonance and the continuum contributions are pa-
rameterized by the loop diagrams of the OPE side with
a continuum threshold. Matching of the two sides deter-
mines the phenomenological quantity of interest in terms
of QCD parameters which includes vacuum condensates.
II. SUM RULES
From P 88L , we get the following sum rule which is an
extension of the corresponding Eq. (33 ) in Ref. [12] with
mq 6= 0 as
K88 +
8
3
1
m2η
(mqAq −msAs)2e−m
2
η
/M2
+
8
3
1
m2η′
(mqA
′
q −msA′s)2e−m
2
η′
/M2
=
1
pi2
m2sM
2
{
1 +
αs
pi
(
17
3
+ 2γ − 2lnM
2
µ2
)}
E0
(
W 2
M2
)
−8
3
ms〈s¯s〉+ 16
3
m3s
〈s¯s〉
M2
− 2
3
m2s
M2
〈αs
pi
G2
〉
−64
9
pi2
αs
pi
m2s
M4
κs〈s¯s〉2 − 4
3
m3s
M4
〈s¯gsσ.Gs〉 − 4
3
mq〈q¯q〉
+
1
2pi2
m2qM
2
{
1 +
αs
pi
(
17
3
+ 2γ − 2lnM
2
µ2
)}
E0
(
W 2
M2
)
−1
3
m2q
M2
〈αs
pi
G2
〉
− 32
9
pi2
αs
pi
m2q
M4
κ〈q¯q〉2 (18)
In the above equation, M is the Borel mass parameter, µ
is the renormalization point,κ and κs are different from
1 to account for contributions from beyond ground-state
factorization of four-quark condensate [17], not consid-
ered in Ref. [12], γ is the Euler’s constant, W is the con-
tinuum threshold, E0(x) = 1− e−x and 〈u¯u〉=〈d¯d〉=〈q¯q〉.
As explained in Ref. [12], K88 is the residue of a spu-
rious pole in P 88L at q
2 = 0 which is introduced due to
approximate form of P 88L obtained by OPE. For u- and d-
quark contributions to the RHS of the sum rule we have
retained terms up to quadratic in mq, since the linear
term will contribute only to K88. Also, clearly we have
relations such as, 8
3
1
m2
η
(mqAq −msAs)2 = m2η(f8η )2, etc.
[12]. On putting mq = 0, we get the sum rule
K˜88 +
8
3
1
m˜2η
(msAs)
2e−m˜
2
η
/M2
+
8
3
1
m˜2η′
(msA
′
s)
2e−m˜
2
η′
/M2
=
1
pi2
m2sM
2
{
1 +
αs
pi
(
17
3
+ 2γ − 2lnM
2
µ2
)}
E0
(
W 2
M2
)
−8
3
ms〈s¯s〉+ 16
3
m3s
〈s¯s〉
M2
− 2
3
m2s
M2
〈αs
pi
G2
〉
−64
9
pi2
αs
pi
m2s
M4
κs〈s¯s〉2 − 4
3
m3s
M4
〈s¯gsσ.Gs〉
(19)
We have used the following constants in Eqs. (18) and
(19) [12,18]:
αs(1 GeV
2) = 0.5, a = −(2pi)2〈q¯q〉 = 0.55 GeV 3,
〈s¯s〉 = 0.8〈q¯q〉, b = 〈g2sG2〉 = 0.5 GeV 4,
〈s¯gsσ.Gs〉 = m20〈s¯s〉 with m20 = 0.8 GeV 2,
ms = 0.153 GeV, mq = 0.005 GeV, κ = κs = 2.5,
µ = 1 GeV and W 2 = 2.3 GeV 2 (20)
Eq.(19) was used in Ref. [12] with κs = 1 and physical
masses of η and η′. The range of M2 over which the
3two sides of a sum rule are matched is decided as fol-
lows. The smaller the M2, the more important are the
higher dimensional operators which puts a lower limit on
M2 while the larger is the M2, the more important are
the resonance and continuum states which puts an upper
limit on M2. We fit the two sides of each of Eqs. (18)
and (19) over a range 1.0 GeV 2 < M2 < 1.7 GeV 2. It
is observed that in the specified range the operators of
highest dimensional included in the OPE are contributing
less than 1% and the resonance and the continuum states,
transferred on OPE side and contained in E0(W
2/M2)
in perturbative terms, are contributing less than 25% to
the OPE side result. This is well within the accepted
criterion for the standard treatment of QCD sum rules
[18]. We have shown the plots of r.h.s. of Eq.(18) and a
fit as l.h.s. in Fig. 1. Also shown are r.h.s. of Eq.(19)
along with a fit as l.h.s in Fig. 2. Eq.(18) gives slightly
changed result for the decay constants:
f8η = 159.1MeV (165.6MeV ),
f8η′ = −66.4MeV (−62.2MeV ) (21)
where the quantity in the bracket is from Ref. [12]. This
gives us f8 = 172.4MeV , θ8= −22.6◦. If we show the
quality of the fit by χ2, defined as
χ2 =
1
N
N∑
i=1
[f(xi)− ffit(xi)]2
[f(xi) + ffit(xi)]2
(22)
where f(xi) stands for the r.h.s. of Eqs. (18) and (19)
and ffit(xi) for the l.h.s. of the corresponding equation,
we find that for N=20, χ = 4.7×10−5 for both the curves.
The result of the fit for Eq. (18) gives:
8
3
1
m2η
(mqAq −msAs)2 = 7.58× 10−3 GeV 4
8
3
1
m2η′
(mqA
′
q −msA′s)2 = 4.04× 10−3 GeV 4
K88 = 1.41× 10−3 GeV 4 (23)
while that for Eq. (19) gives
8
3
1
m˜2η
(msAs)
2 = 7.52× 10−3 GeV 4
8
3
1
m˜2η′
(msA
′
s)
2 = 4.22× 10−3 GeV 4
K˜88 = 1.20× 10−3 GeV 4 (24)
Eq. (19) was obtained from Eq. (18) by setting mq = 0
consistently on both sides of the equation and this in-
cludes the theoretical values of m˜2η and m˜
2
η′ as well in
the same limit. Hence, Eqs. (23) and (24), obtained from
fittings of Eqs. (18) and (19) respectively, are two self-
consistent independent algebraic equations. As is shown
below for AG and A
′
G(see Eqs. (28) and (30) below) fol-
lowing a similar procedure, taking limit mq = 0 does not
change these matrix elements in a significant way. We
solve Eqs. (23) and (24) to obtain the following results:
−msAs = 0.02841 GeV 3,
msA
′
s = 0.03786 GeV
3,
mqAq = 7.45× 10−4 GeV 3,
mqA
′
q = 5.53× 10−4 GeV 3. (25)
Sign of msAs is fixed from the requirement that in the
limit of mq = 0, −msAs =
√
6
4
f8ηm
2
η which is positive.
Eq. (24) gives us f8 = 175.9 MeV and θ8 = −22.8◦.
From P 08L , we get the following sum rule which is an
extension of the corresponding Eq. (39) in Ref.[12] with
mq 6= 0:
K08 +
8
√
2
3m2η
(mqAq −msAs)×
(mqAq +
1
2
msAs − 3
4
AG)e
−m2
η
/M2
+
8
√
2
3m2η′
(mqA
′
q −msA′s)×
(mqA
′
q +
1
2
msA
′
s −
3
4
A′G)e
−m2
η′
/M2
=
3√
2pi2
(αs
pi
)2
m2sM
2
(
7
4
− 1
2
ln
M2
µ2
)
E0
(
W 2
M2
)
− 1√
2pi2
m2sM
2
{
1 +
αs
pi
(
17
3
+ 2γ − 2lnM
2
µ2
)}
E0
(
W 2
M2
)
+
4
√
2
3
ms〈s¯s〉 − 2
√
2
(αs
pi
)2
ms〈s¯s〉
(
γ − lnM
2
µ2
)
+
√
2
3
m2s
M2
〈αs
pi
G2
〉
+
1√
2
αs
pi
m2s
M2
〈αs
pi
G2
〉(
1− γ + lnM
2
µ2
)
−8
√
2
3
m3s
〈s¯s〉
M2
−
√
2
αs
pi
ms
M2
〈s¯gsσ.Gs〉
+
32
√
2
9
pi2
αs
pi
m2s
M4
κs〈s¯s〉2 + 2
√
2
3
m3s
M4
〈s¯gsσ.Gs〉
− 3√
2pi2
(αs
pi
)2
m2qM
2
(
7
4
− 1
2
ln
M2
µ2
)
E0
(
W 2
M2
)
+
1√
2pi2
m2qM
2
{
1 +
αs
pi
(
17
3
+ 2γ − 2lnM
2
µ2
)}
E0
(
W 2
M2
)
−4
√
2
3
mq〈q¯q〉+ 2
√
2
(αs
pi
)2
mq〈q¯q〉
(
γ − lnM
2
µ2
)
−
√
2
3
m2q
M2
〈αs
pi
G2
〉
− 1√
2
αs
pi
m2q
M2
〈αs
pi
G2
〉(
1− γ + lnM
2
µ2
)
+
√
2
αs
pi
mq
M2
〈q¯gsσ.Gq〉 − 32
√
2
9
pi2
αs
pi
m2q
M4
κ〈q¯q〉2 (26)
With the constants as given by Eq.(20), we have fitted
Eq.(26) in the range 1.0 GeV 2 < M2 < 1.9 GeV 2 and
displayed it in Fig.3. The upper end of the range of M2
for this fit is kept somewhat higher than that for the fit
of P 88L because the required fit is better on the upper
end side and not so well on the lower end side, as is clear
4from a comparison of Fig.3 with Fig. 1. In the next
section, we have analyzed the effect of variation of the
range of M2 over which fitting has been carried out. In
this case also, the contribution of highest dimensional
operator has been found to be less than 1% while the
resonance and continuum contribution is less than 25%
to the OPE side result. The quality of fit is somewhat
poor: χ = 1.3× 10−3. From the fit we get
8
√
2
3m2η
(mqAq −msAs)(mqAq + 1
2
msAs − 3
4
AG)
= 4.64× 10−4 GeV 4,
8
√
2
3m2η′
(mqA
′
q −msA′s)(mqA′q +
1
2
msA
′
s −
3
4
A′G)
= −6.414× 10−3 GeV 4,
K08 = −3.152× 10−3 GeV 4 (27)
P 88L and P
08
L provide two independent sum rules in which
the phenomenological side of P 08L contains two additional
parameters AG and A
′
G not present in P
88
L . In both the
sum rules the same parameters including condensates and
continuum threshold have been used although the range
of the fit of M2 is slightly larger for P 08L . Once the four
parameters, namely, mqAq,mqA
′
q,msAs and msA
′
s have
been determined from P 88L sum rule, this information can
be fed in P 08L sum rule to determine AG and A
′
G. From
Eqs. (25) and (27), we get
AG = −0.02197 GeV 3, A′G = −0.03704GeV 3 (28)
Eq. (26) with mq = 0 on both sides of the equation has
also been analyzed in a similar way and the fit has been
displayed in Fig.4. For this fit χ = 1.0 × 10−3. This fit
gives
8
√
2
3m˜2η
msAs(
1
2
msAs − 3
4
AG) = −7.3× 10−3 GeV 4,
8
√
2
3m˜2η′
msA
′
s(
1
2
msA
′
s −
3
4
A′G) = 6.69× 10−3 GeV 4,
K˜08 = −3.33× 10−3 GeV 4 (29)
On substituting msAs and msA
′
s from Eq. (25) we get
AG = −0.02199 GeV 3, A′G = −0.03616GeV 3 (30)
This shows that while AG remains practically unchanged,
|A′G| decreases by ≈ 2.4% from values given by Eq. (28).
We will check the sensitivity of our result on ms later.
We also find that Eq. (27) gives
f0 = 105.7MeV, θ0 = −5.3◦ (31)
while Eq. (29) gives
f0 = 110.0MeV, θ0 = −8.1◦ (32)
compared to f0 =142.3 MeV and θ0 = −11.1◦ [12]. Part
of the reason for this significant change is m˜η and m˜η′ as
against mη and mη used in Ref. [12] and different κ and
κs used in this work, and part of the reason is a small mis-
take in numerical evaluation of mixed condensate term in
our previous work [12].
III. ANALYSIS AND DISCUSSION
In order to show that our results are sufficiently sensi-
tive to distinguish the cases with mq 6= 0 from those with
mq = 0, we have displayed the two curves (with mq=5
MeV and mq = 0) on the same plot in Fig. 5 for BT[−P 88L ] and in Fig. 6 for BT [−P 08L ] where BT stands
for Borel transform.
We have also checked the sensitivities of our results
to variations of the parameters used in the computation.
We have shown the plots of BT
[−P 88L ] in Fig.7 as 〈q¯q〉
is varied by 20% and
〈
αs
pi G
2
〉
is varied by 40%, in Fig.
8 as both αs and ms are varied by 10% each, and in
Fig. 9 as the continuum threshold W 2 is varied by 0.1
GeV 2. Plots of BT
[−P 08L ] are shown in Figs. 10, 11
and 12 respectively for similar variations of parameters.
The quark pseudoscalar densities and anomaly matrix
elements for η and η′ mesons for each one of these vari-
ations have been determined separately. We have also
determined these matrix elements when the range of the
Borel mass squared,M2, over which fitting is carried out,
is changed by 0.1 GeV 2 for both cases of BT
[−P 88L ] and
BT
[−P 08L ]. κ and κs appear in the matrix elements of
the operators with highest dimension used whose con-
tributions to the sum rule happens to be less than 1%.
Hence the error due to the uncertainties in their values
will be small. The errors arising due to the uncertainties
in numerical values of κ , κs as well as m˜η and m˜η′ be-
ing small, have been neglected. Our final result of this
analysis is as follows:
mqAq × 104(GeV 3) = 7.45+0.75−0.69(ms)+0.14−0.10(αs)+0.05−0.06(〈q¯q〉)
+0.08
+0.02
(〈αs
pi
G2
〉)+0.65
−0.51
(W 2)+0.37−0.39(M
2),
mqA
′
q × 104(GeV 3) = 5.53+0.57−0.58(ms)+0.72−0.63(αs)+0.70−0.60(〈q¯q〉)
+0.29
−0.63
(〈αs
pi
G2
〉)+0.96
−0.74
(W 2)+1.12−0.79(M
2),
msAs × 102(GeV 3) = −2.841−0.286+0.284(ms)−0.209+0.225(αs)−0.171+0.151(〈q¯q〉)
−0.094
+0.101
(〈αs
pi
G2
〉)−0.211
+0.245
(W 2)−0.305+0.265(M
2),
msA
′
s × 102(GeV 3) = 3.786+0.379−0.378(ms)+0.143−0.149(αs)+0.104−0.136(〈q¯q〉)
+0.036
−0.037
(〈αs
pi
G2
〉)+0.427
−0.464
(W 2)+0.299−0.402(M
2),
AG × 102(GeV 3) = −2.197−0.201+0.244(ms)−0.064+0.043(αs)−0.062+0.075(〈q¯q〉)
−0.478
+0.280
(〈αs
pi
G2
〉)−0.022
+0.258
(W 2)−0.127−0.044(M
2),
A′G × 102(GeV 3) = −3.704−0.251+0.247(ms)−0.624+0.581(αs)−0.568+0.299(〈q¯q〉)
−0.400
+0.271
(〈αs
pi
G2
〉)−0.148
+0.539
(W 2)−0.400+0.130(M
2).
(33)
In Table I, we compare our results with those
obtained by other authors. We give the total theo-
retical errors in our results of the matrix elements by
5adding the six individual theoretical errors, as given in
Eq. (32), in quadrature. The maximum error ∼ 34 %
is formqA
′
q while the minimum error ∼ 13 % is formqAq.
TABLE I : Comparison of our results on pseudoscalar
densities and anomaly matrix elements of η and η′
mesons with those obtained by other authors (for
Ref.[3], numerical evaluation was done by us).
Ref. mqAq× mqA′q× msAs× msA′s× AG × 102 A′G × 102
104(GeV 3) 104(GeV 3) 102(GeV 3) 102(GeV 3) (GeV 3) (GeV 3)
This work 7.45+1.07−0.95 5.53
+1.90
−1.63 −2.84−0.55+0.54 3.79+0.67−0.75 −2.20−0.54+0.46 −3.70−1.06+0.93
Gerard 6.25 5.46 (−2.7± 0.4) 5.45± 0.8
& Kou [5] (−2.9) (3.45)
Pham [3] −2.52 3.63
Cheng et −2.56 −5.4
al. [9] (−2.80) (−5.7)
Novikov et −2.1 −3.5
al. [19]
AG [6] −2.85 3.55
BN [4] 3.54 ±10.62 3.54 ±7.08 −2.75 3.40 −2.2± 0.2 −5.7± 0.2
Feldmann [8] 7.07 5.66 −2.65 3.25 −1.2 −2.9
While authors of Refs.[4,6,8] use 1/NC improved
chiral perturbation theory and FKS-scheme [8] for η - η′
mixing, GK [5] have used low-energy effective theory of
QCD in large NC limit with one mixing angle scheme
for η − η′ in octet-singlet basis. Their results on matrix
elements of pseudoscalar densities and anomaly are
consistent with our results with error bars, except for
AG obtained by Feldmann [8] which is numerically
smaller than our result. It may be pointed out that
Feldmann has set up- and down-quark masses to zero
for this derivation, which is equivalent to neglecting M2pi
compared to M2K in his derivation.
Pham[3] has used nonet symmetry for the matrix
elements of the pseudoscalar densities in η and η′ states
to calculate As and A
′
s by extending the symmetry for
masses of pseudoscalar nonets that includes the effect of
U(1)A QCD anomaly. Results on AG and A
′
G obtained
by Novikov et al [19] is based on SU(3)flavor symmetry
and QCD sum rule in the limit of mq=0 (q=u,d). These
results for both pairs of the matrix elements agree with
our results.
Cheng et al. [9] have introduced a new element,
neither used by other authors referenced in Table-I
nor in the present work, in form of η - η′-G mixing,
where G is the pseudoscalar glueball. The present
work, based on two-angle scheme for η - η′ mixing in
octet-singlet basis and on QCD sum rule approach, is
also free of contamination of higher mass states due
to explicit use of continuum threshold. In addition,
we have retained the three light quark masses to nonzero.
For many applications it is convenient to introduce the
quark-flavor basis states:
|ηq〉 = 1√
2
|uu¯+ dd¯〉, |ηs〉 = |ss¯〉 (34)
The physical states η and η′ are related to the flavor
states through a unitary matrix U(ϕ) [1,2,4]:
( |η〉
|η′〉
)
= U(ϕ)
( |ηq〉
|ηs〉
)
(35)
where
U(ϕ) =
(
cosϕ − sinϕ
sinϕ cosϕ
)
(36)
In the singlet-octet basis, where the angles θ0 and θ8
are small and their difference is comparable to these an-
gles themselves, it is pertinent to keep them distinct. On
the other hand, in the quark flavor basis∣∣∣∣ϕq − ϕsϕq + ϕs
∣∣∣∣≪ 1 (37)
Hence, one generally deals with only one mixing angle
ϕ ∼= ϕq ∼= ϕs in this basis for the sake of convenience [8].
In Table II, we have displayed the matrix elements of
quark pseudoscalar densities and anomaly operators for
quark flavor basis states for ϕ = 39.3◦ [1,4] using the
central values of matrix elements given in Table I. We
observe that OZI preserving and OZI violating matrix
elements of pseudoscalar densities differ by an order of
magnitude. This, again, indicates that the numerical
values of As and A
′
s will not be affected in a significant
way when mq is set to zero. Also notice that anomaly
matrix element is larger for the state |ηq〉 than |ηs〉
, since it is energetically favorable for gluons to pair
produce lighter quarks.
TABLE II : Values of our calculated matrix elements
of quark pseudoscalar densities and anomaly operators
(as given by central values in Table I) for quark flavor
basis states.
Matrix elements Values of matrix elements
( GeV 3 )
〈0|muuiγ5u+mddiγ5d|ηq〉 1.854 ×10−3
〈0|muuiγ5u+mddiγ5d|ηs〉 − 0.88 ×10−4
〈0|mssiγ5s|ηs〉 0.047317
〈0|mssiγ5s|ηq〉 2.028 ×10−3
〈0|αs
4piG
a
µνG˜
aµν |ηq〉 − 0.040460
〈0|αs
4piG
a
µνG˜
aµν |ηs〉 − 0.014698
In summary, current-current correlators, using QCD
sum rules give reasonable estimate for matrix elements
of flavor-diagonal light quark pseudoscalar densities and
axial anomaly operators between vacuum and η and η′
meson states.
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FIG. 1. Plots of the two sides of Eq. (18 ) (called BT [−P 88L ]
), as a function of M2 for mq=5 MeV. The best fit in the re-
gion 1.0 GeV 2 ≤ M2 ≤ 1.7 GeV 2 corresponds to (f8η )
2m2η =
0.00758 GeV 4 and (f8η′)
2m2η′ = 0.00404 GeV
4.χ = 4.7× 10−5
(N=20) for the fit in the designated interval.
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FIG. 2. Plots of the two sides of Eq. (19 ) (called BT [−P 88L ]
), as a function of M2 for mq=0. The best fit in the re-
gion 1.0 GeV 2 ≤ M2 ≤ 1.7 GeV 2 corresponds to (f8η )
2m˜2η =
0.00752 GeV 4 and (f8η′)
2m˜2η′ = 0.00422 GeV
4. The masses
m˜η and m˜η′ are the phenomenological masses obtained for
mq=0 (see Eq.(17)). χ = 4.7 × 10
−5 for the fit in the desig-
nated interval.
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FIG. 3. Plots of the two sides of Eq. (26 ) (called BT [−P 08L ]
), as a function of M2 for mq=5 MeV. The best fit in the
region 1.0 GeV 2 ≤M2 ≤ 1.9 GeV 2 corresponds to f0ηf
8
ηm
2
η =
4.64× 10−4 GeV 4 and f0η′f
8
η′m
2
η′ = −6.414× 10
−3 GeV 4.χ =
1.29 × 10−3 (N=20) for the fit in the designated interval.
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FIG. 4. Plots of the two sides of Eq. (26 ) (called BT [−P 08L ]
), as a function of M2 for mq=0. The best fit in the re-
gion 1.0 GeV 2 ≤ M2 ≤ 1.9 GeV 2 corresponds to f0ηf
8
η m˜
2
η =
7.3× 10−4 GeV 4 and f0η′f
8
η′m˜
2
η′ = −6.689× 10
−3 GeV 4. The
masses m˜η and m˜η′ are the phenomenological masses obtained
for mq=0 (see Eq.(17)). χ = 9.97 × 10
−4 (N=20) for the fit
in the designated interval.
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FIG. 5. Plots of the two forms of BT [−P 88L ], as a function of
M2 for mq=5 MeV (solid line) and for mq=0 (dashed line).
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FIG. 6. Plots of the two forms of BT [−P 08L ], as a function of
M2 for mq=5 MeV (solid line) and for mq=0 (dashed line).
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FIG. 7. Plots of BT [−P 88L ] as a function of M
2 for normal
(solid), quark condensate changed by 20% (dashed) and gluon
condensate changed by 40% (dotted).
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FIG. 8. Plots of BT [−P 88L ] as a function of M
2 for normal
(solid), αs changed by 10% (dashed), ms changed by 10%
(dotted).
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FIG. 9. Plots of BT [−P 88L ] as a function of M
2 for W 2 =
2.3 GeV 2 (solid line), for W 2 = 2.4 GeV 2 (dashed line) and
for W 2 = 2.2 GeV 2 (dotted line).
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FIG. 10. Plots of BT [−P 08L ] as a function of M
2 for normal
(solid), quark condensate changed by 20% (dashed) and gluon
condensate changed by 40% (dotted).
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FIG. 11. Plots of BT [−P 08L ] as a function of M
2 for normal
(solid), αs changed by 10% (dashed), ms changed by 10%
(dotted).
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FIG. 12. Plots of BT [−P 08L ] as a function of M
2 for W 2 =
2.3 GeV 2 (solid line), for W 2 = 2.4 GeV 2 (dashed line) and
for W 2 = 2.2 GeV 2 (dotted line).
